We derive the scalar potential in zero mode effective action arising from a de Sitter brane embedded in five dimensions with bulk cosmological constant Λ. The scalar potential for a scalar field canonically normalized is given by the sum of exponential potentials. In the case of Λ = 0 and Λ > 0, we point out that the scalar potential has a unstable local maximum at the origin and exponentially vanishes for large positive scalar field. In the case of Λ < 0, the scalar potential has a unstable local maximum at the origin and a stable local minimum, it is shown that the positive cosmological constant in brane is reduced by negative potential energy of scalar at
Introduction
An idea of braneworld that our world may be embedded in higher dimensional world is presently developing in particle physics as well as cosmology. This is because the braneworlds have several possibilities for explaining large hierarchy between electroweak scale and Planck scale, cosmological constant problem, inflation at early universe and accelerating universe at present, etc. Probably, the widespread braneworld started from the Randall-Sundrum model. An model proposed by Randall and Sundrum [1] assumes that the spacetime is non-factorizable with exponential warp factor and the extra space is non compact. The remarkable feature is that a zero mode gravity can be localized on a flat 3-brane in AdS 5 background and the correction terms to the Newton potential are generated by the massive gravity with continuous modes. Moreover, the localization of gravity in the RS model have been analyzed in detail [2, 3, 4] and the extension to more higher dimensions have been performed [5, 6, 7] .
It is known that the scalar potential arising from the braneworld can play an important role in cosmology and phenomenology. For instance, on searching mechanism for driving accelerating universe, it is considered that quintessence comes from the braneworld. The possibility of quintessence in five dimensional dilatonic domain wall theory including RS model was investigated [8, 9] . The zero mode effective action with Einstein frame was studied in detail, unfortunately, it was shown that a scalar field canonically normalized cannot play the role of quintessence because of negative scalar potential. Furthermore, in the framework of string/M theory [10, 11] it was discussed that the fate of universe is determined by the properties of the scalar potential from supergravity model. Thus, when considering the scalar field as inflaton or quintessence in the cosmological context, it is important to study the properties of the scalar potential resulted from several models.
In present paper, we consider the model of a de Sitter brane embedded in five dimensions with bulk cosmological constant Λ [12, 13] . We extract the scalar potential from the four dimensional zero mode effective action depending on the sign of Λ and the significant feature of the potential is studied. In particular we are interested in the stability of the scalar potential and the effective cosmological constant in the brane.
The paper is organized as follows. In section 2 we explain the action of the model, moreover, the metrics depending on sign of the bulk cosmological constant are presented. In section 3 the four dimensional zero mode effective action is derived by performing integral of the extra dimension. We evaluate the scalar potential in the effective action and study the significant features of the potential depending on the sign of bulk cosmological constant. The conclusion is given in section 4. In appendix, we provide formulas of the integrals used in calculations of the effective action.
The model
We consider the model of a dS brane embedded in five dimensions. We start by introducing the following action [12, 13] 
where κ 2 5 is the five dimensional gravitational constant and Λ is the bulk cosmological constant, and V is positive brane tension. We adopt the metric as follows
where g µν is the four dimensional de Sitter metric with positive cosmological constant Λ 4 and z-coordinate is the fifth direction with Z 2 symmetry. Note that ϕ(x), diagonal component field for z in the metric, corresponds to the graviscalar field from the four dimensional viewpoint [9] . Depending on the sign of Λ, Ω(z) and V can be expressed as [12, 13, 14] 
where a dS brane is located at z = 0. Here we defined 3Λ ≡ κ is the four dimensional gravitational constant. Furthermore L corresponding to the bulk curvature is given by
In addition, z 0 is given by [12, 13] 
In the model presented here, it was shown that the four dimensional gravity can be produced at large distance due to localization of a normalizable zero mode in gravitational fluctuation on brane [12, 13, 15] .
Scalar potential
In this section, we calculate the four dimensional zero mode effective action for Λ = 0, Λ > 0 and Λ < 0, separately. Below, by using the appropriate conformal transformation, the effective action with Einstein frame and with a scalar field canonically normalized can be derived. Then the scalar potential is extracted from the action.
Combining (1) with (2), the action is given by
where
Here the prime denotes the derivative with respect to z. By performing the integral of z in (10), we can obtain the four dimensional zero mode effective action. As indicated in [8, 9, 16] , it turns out that the action corresponds to the Brans-Dicke model with zero Brans-Dicke parameter [17, 18] . The significant feature of the scalar potential in the action will be discussed below.
The case of Λ = 0
For Λ = 0, from (3), (9) and (10), the effective action is given by
From the above action, we define the four dimensional gravitational constant as
Thus the four dimensional gravitational constant is controlled by five dimensional gravitational constant and the cosmological constant in dS brane. Consequently, we have
In order to obtain the action with Einstein frame and with a canonical kinetic term for scalar field, we need to perform the following conformal transformation
V /(3Λ) where a scalar field Φ is introduced. According to (14) , the four dimensional zero mode effective action for a scalar field canonically normalized is given by
where the scalar potential V with κ 4 = 1 can be expressed as
Thus the scalar potential can be written by the sum of exponential potentials. The graph of V (Φ) is shown in Fig.1 . The potential has a maximum value V max = 3Λ at Φ = 0. It is obvious that we have positive potential for e √ 2/3 Φ > 2/3 and negative potential for e √ 2/3 Φ < 2/3. In the limit of Φ → +∞, the asymptotic behavior is given by
For large positive scalar field, the potential exponentially approaches to zero. In the limit of Φ → −∞,
Thus the potential goes to negative infinity for large negative scalar field. Note that the scalar potential has a unique local maximum at the origin, and the effective mass at the maximum is tachyonic: m 2 = V ′′ (0) = −12Λ. As mentioned above, there is a zero minimum far away from the origin.
The case of Λ > 0
For Λ > 0, from (4), (7) and (10), the effective action can be evaluated by using (37)−(39) in appendix. Therefore we have
where we introduce a dimensionless parameter
As shown in the action, it is natural that the four dimensional gravitational constant is defined by
for α ≥ 1. Note that F (α) is monotonically decreasing function as shown in Fig.2 , for example, F (1) = π/2 and F (∞) = 0. Using the transformation of (14), in similar to the case of Λ = 0, after troublesome calculation the scalar potential can be extracted from the effective action with Einstein frame. Therefore we obtain
Here we set κ 4 = 1. It turns out that the scalar potential can be written by sum of exponential potentials. Next, we shall study the asymptotic behaviors of the potential for |Φ| → ∞.
In the limit of Φ → +∞, the potential is approximated as Note that the asymptotic behavior for Φ → +∞ is determined by the sign of coefficient in front of exponential factor. According to the inequality α 2 F (α) > 2 3 √ α − 1 for α ≥ 1, it is clear that V (Φ) → +0 for large positive Φ. In the limit of Φ → −∞, the scalar potential is expressed as
In order to clarify the behavior of scalar potential, the graph of V (Φ) is shown in Fig.3 when α = 2.
Examining the scalar potential of (23), the scalar potential has a unique local maximum at Φ = 0, and we have V max = ΛLα 2 F (α)/2. Moreover the effective mass of scalar at the origin is tachyonic:
. Note that the scalar potential exponentially vanishes for large positive scalar field. This implies the existence of a minimum away far from the origin.
The case of Λ < 0
For Λ < 0, from (5), (8) and (10), the effective action is evaluated by using (40)−(42) in appendix. Consequently, we have
In this case we define the four dimensional gravitational constant as
for α ≥ 0. As shown in Fig.2 , G(α) is monotonically decreasing function. It is obvious that the action of (26) withΛ → 0 (α → 0) corresponding to a flat brane is equivalent to the effective action resulted from the RS model [8, 9, 16] . The transformation of (14) leads to the effective action with Einstein frame and with a scalar field canonically normalized, consequently, we can obtain the scalar potential as follows
V /(|Λ|L)
Here we set κ 4 = 1. Comparing (29) with (23), (29) is consistent with the equation with replacements of F → G and √ α − 1 → √ α + 1 in (23). In the limit of Φ → +∞, the potential is given by
From inequality α 2 G(α) < 2 3 √ 1 + α for α ≥ 0, it turns out that V (Φ) → −0 for Φ → +∞. Taking the limit of Φ → −∞, we have
The graph of the scalar potential is shown in Fig.4 when α = 2. Examining (29), it turns out that the scalar potential has two extremums at Φ = 0, Φ 0 . At Φ = 0, there is a local maximum with tachyonic mass:
Furthermore, there exists a local minimum at Φ 0 :
Note that the value of the minimum at Φ 0 is always negative and the effective mass is given by
Accordingly this implies a stable local minimum at Φ 0 . The positive cosmological constant in dS brane is modified by contribution of potential energy of scalar field at minimum, namely, the effective cosmological constant is given by Λ eff = Λ 4 + V (Φ 0 ). Therefore we obtain
The second term corresponds to the potential energy of scalar field at minimum. Thus the positive cosmological constant in dS brane is reduced by dynamics of scalar field. Estimating (35), Λ eff is monotonically increasing function for α. Note that Λ eff < 0 for 0 ≤ α < ∼ 0.04 and Λ eff > 0 for 0.04 < α. Thus it is considered that the value of the effective cosmological constant in dS brane can be tuned via scalar dynamics on the dS brane.
Conclusion
In this paper we have studied the scalar potential by evaluating the four dimensional zero mode effective action resulting from the model of a dS brane embedded in five dimensions with bulk cosmological constant Λ. The scalar potential is explored in the case of Λ = 0, Λ > 0 and Λ < 0, separately. We pointed out that the potential for a scalar field canonically normalized is given by the sum of exponential potentials. For Λ = 0 and Λ > 0, the potential has a unstable maximum with tachyonic mass at the origin and a zero minimum far away the origin. On the other hand, for Λ < 0, the potential has a unstable maximum with tachyonic mass at the origin and a stable minimum with positive mass squared at Φ 0 . In this case, positive cosmological constant in dS brane can be reduced by negative potential energy of scalar field at minimum. Thus it turned out that the effective cosmological constant on dS brane is tuned via the dynamics of scalar field on the brane. Advanced astronomical observations [19] indicate that our universe is accelerating today and that the cosmological constant has sufficiently small positive value. In toy model presented here, the value of the cosmological constant can be controlled by a dimensionless parameter so as to be consistent with the observable value. However this is not to say that we solve the cosmological constant problem. This is because the mechanism for determining the value of α is unknown.
Finally we comment on some points in future. Since we consider the de Sitter brane, in cosmological context, it is important to study the role of the resulting scalar potential in inflating brane. We will describe it elsewhere. Moreover we are going to investigate the scalar potential by taking account of quantum corrections.
